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Introduction
• Proposal of a new formulation for Phase Retrieval with Dictionary Learning with reduced
variable size and number of regularization parameters

• Proposal of a algorithm that can be parallelized for the new formulation
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Nonlinear measurement system Sparse random access

Signal model: Y = |ADZ| + N

• Z ∈ CP×I : Sparse transmitted signal ma-
trix

• D ∈ CN×P : Spatial signature matrix
• X ∈ CN×I : Received signal matrix

• Y ∈ RM×I
+ : Magnitude-only measurements

• A ∈ CM×N : Analog linear mixing network

• N ∈ RM×I : Sensor noise matrix

Problem Formulations
Objective: Jointly estimate the spatial signature D and the sparse transmitted signal Z from the
magnitude-only measurements Y

Proposed `1-regularized nonlinear least-squares (LS) formulation

min
D,Z

h(D,Z) =
1

2
‖Y− |ADZ|‖2F︸ ︷︷ ︸

f (D,Z): loss

+ λ‖Z‖1,1︸ ︷︷ ︸
g(Z): regularization

s.t. D ∈ D = {D | ‖dp‖2 ≤ 1, p = 1, . . . , P}

• ‖Z‖1,1 =
∑P

p=1

∑I
i=1|zpi|

• λ > 0: regularization parameter
• Restrict D to avoid scaling ambiguities
• Loss f is nonsmooth and nonconvex

Alternative formulation (SC-PRIME) [1]

min
X,D∈D,Z

1

2
‖Y− |AX|‖2F +

µ

2
‖X− DZ‖2F + ρ‖Z‖1,1

• Nonconvex and nonsmooth
• Additional auxiliary variable X
• µ, ρ > 0: regularization parameters

Proposed Algorithm

Smooth Majorization

Separable Convex
Approximation

Step-size Computation

Fig. 1: Block Successive Convex Approximation
(BSCA) framework

Smooth Majorization
Construct a smooth function f̄ (t) for function
f at the iteration point (D(t),Z(t)) such that

f̄ (t)(D(t),Z(t)) = f (D(t),Z(t))

f̄ (t)(D,Z) ≥ f (D,Z) for all (D,Z)

Separable Convex Approximation
Design a separable convex approximation
f̃ (t) for f̄ (t) such that

(
D̃(t)−D(t), Z̃(t)−Z(t)

)
is

a descent direction of f̄ (t) + g, where(
D̃(t), Z̃(t)

)
= argmin

D∈D,Z
f̃ (t)(D,Z) + g(Z)

Step-size Computation
Jointly update along the descent direction with a step-size obtained by line search on f̄ (t) + g

Smooth Majorization

• Majorization for the loss function f at the current point (D(t),Z(t)):

f (D,Z) =
1

2
(‖Y‖2F + ‖ADZ‖2F)− tr{YH|ADZ|}

≤ 1

2
(‖Y‖2F + ‖ADZ‖2F)− tr

{
YH<

[
(ADZ)� e−j arg(AD

(t)Z(t)))
]}

=
1

2

∥∥∥Y(t) − ADZ
∥∥∥2
F︸ ︷︷ ︸

f̄ (t)(D,Z)

with Y(t) = Y� ej arg(AD
(t)Z(t)))

• Majorizing function f̄ (t) is smooth but nonconvex due to bilinear terms DZ

Separable Convex Approximation
• “Best-response” approximation(

D̃(t), Z̃(t)
)
= argmin

D∈D,Z

P∑
p=1

f̄ (t)
(
dp,D(t)

−p,Z(t)
)
+

I∑
i=1

P∑
p=1

f̄ (t)
(
zpi,D(t),Z(t)

−pi
)

︸ ︷︷ ︸
f̃ (t)(D,Z)

+λ‖Z‖1,1︸ ︷︷ ︸
g(Z)

– D−p is the N×(P−1) matrix obtained by removing column dp from D
– Z−pi is the collection of all entries of Z except zpi

• Decomposed into P + (P × I) independent subproblems: for p = 1, . . . , P, i = 1, . . . , I,

d̃(t)
p = argmin

dp

f̄ (t)
(
dp,D(t)

−p,Z(t)
)

s.t. ‖dp‖2 ≤ 1, ← `2-norm constrained LS

z̃
(t)
pi = argmin

zpi

f̄ (t)
(
zpi,D(t),Z(t)

−pi
)
+ λ|zpi|, ← Single-variate LASSO

• For the `2-norm constrained LS, by Karush-Kuhn-Tucher (KKT) conditions, the primal optimal
solution:

d̃(t)
p =

(
HH

pHp + ν̃(t)p IK
)−1

HH
p cp

• The dual optimal solution ν̃
(t)
p is obtained

by solving the rational equation:
r∑

i=1

|c̃ip|2

(σ2
i + νp)2︸ ︷︷ ︸

ϕp(νp)

= 1, for νp > 0

• Successively approximate ϕp with a sim-
ple rational function [2]

F (νp;α, β) =
α

(β − νp)2
0
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Simulation Results
• As a comparison, we apply the BSCA framwork to solve the SC-PRIME formulation
• Accuracy evaluation metrics:

– Minimum normalized squared error (MNSE)
– F-measure is used to evaluate the accuracy of sparsity pattern of Z

• Number of receive antennas N = 16; number of time-slots I = 256; SNR = 15 dB
• Gaussian mixing A with oversmapling rate M1/N = 4

• A debiasing step is performed for both algorithms
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Fig. 2: Proposed (solid line) vs. SC-PRIME (dashed line)

Future Work
• Conditions on parameters for guaranteed
recovery

• Initialization strategy for fast convergence
to global optimum

Majorization Technique
For any x ∈ C and φ ∈ [0, 2π)

|x| = |x · ejφ| ≥ <{x · ejφ},
and the equality holds for φ = − arg(x)
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