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Introduction
• Joint direction-of-arrival (DOA) and subarray phase-offset estimation in sparse partly calibrated
arrays

• Proposal of a deterministic maximum likelihood (DML) estimator via semidefinite relaxation for
subarray phase-offset estimation

Mathematical Model and Notations
• Partly calibrated rectangular array (PCRA) with fully calibrated identical subarrays

– M = Mx ×My : Total number of sensors
– ∆x

p (∆
y
p) : Known intersubarray displacement

between the pth and the first subarrays in x-
axis (y-axis)

– δxl (δyl ) : Known intrasubarray displacement
between the lth and the first sensors in x-axis
(y-axis)

– τxp : Unknown phase-offset between the pth
and the first subarrays in x-axis

– Only a subset M′ = {i1, . . . , iM ′} of M ′ ≤ M
sensors is observable
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Mx ×My PCRA composed of Px × Py

subarrays of Lx × Ly sensors

• Distinct Directions-of-Arrival (DOAs) from NS far-field narrowband sources with azimuth angle
φi ∈ [−180◦, 180◦) and elevation angle θi ∈ [0◦, 90◦] for i = 1, . . . , NS.

• Equivalent expression of DOA (φi, θi) in spatial frequencies (µx
i , µ

y
i ) with

µx
i = π cos(φi) sin(θi) ∈ [−π, π) and µy

i = π sin(φi) sin(θi) ∈ [−π, π)

• Signal Model

Y = JT
M′Ā(µ, τ x)Ψ +N

µ = [µx
1 , . . . , µ

x
NS
, µy

1, . . . , µ
y
NS
]T

τ x = [1, τx2 , . . . , τ
x
Px
]T

JM′ =
[
eM,i1, . . . , eM,iM ′

]
∈ RM×M ′

Y ∈ CM ′×N : Received signal matrix
Ψ ∈ CNS×N : Source signal matrix
N ∈ CM ′×N : Sensor noise matrix
N : Number of available snapshots

• Steering matrix Ā(µ, τ x) = Φ(τ̄ x)A(µ) ∈ CM×NS:

A(µ) = [a(µx
1 , µ

y
1), . . . ,a(µ

x
NS
, µy

NS
)] ∈ CM×NS: Fully calibrated steering matrix

Φ(τ̄ x) ∈ CM×M : Diagonal matrix containing unknown phase-offsets

* τ̄ x = Tτ x ∈ RM×1, T maps the unknown phase-offsets to each sensor

* Φ(x)=Diag(ejx1, . . . , ejxN)∈CN×N for x ∈ RN

Shift Invariances in the PCRA
Shift subarrays:
(Jx

p )
TA(µ) = (Jx

1 )
TA(µ)Φ(∆x

pµ
x)ejτxp , p=2, . . . , Px

(J y
p )

TA(µ) = (J y
1 )

T
A(µ)Φ(∆y

pµ
y), p=2, . . . , Py

Shift sensors within a subarray:
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A(µ) = (Ky

1 )
T
A(µ)Φ(δyl µ

y), l=2, . . . , Ly

• µx =
[
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Conventional Approach
ESPRIT-like methods performed on the sample covariance matrix R̂ = Y Y H/N to recover the DOAs
based on the shift invariances involving the known intrasubarray displacements δxl and δyl [HN98]

Grid-Based Sparse Formulation for Fully Calibrated Arrays
• Sample the field-of-view (FOV) in K � NS directions with spatial frequencies
ν = [νx1 , . . . , ν

x
K, ν

y
1 , . . . , ν

y
K]

T

• On-grid assumption: {(µx
i , µ

y
i )}

NS
i=1 ⊂ {(νxk , ν

y
k)}Kk=1

• Sparse signal model

Y = JT
M′A(ν)X +N

X ∈ CK×N : Row-sparse representation of Ψ
A(ν) ∈ CM×K: Steering matrix for sampled directions ν

• `2,1-mixed-norm minimization =⇒ SPARROW reformulation [SPP18]

min
X∈CK×N

1
2‖Y − JT

M′A(ν)X‖2F + λ
√
N‖X‖2,1

=⇒ min
S∈DK

+

tr
(
(JT

M′A(ν)SA(ν)HJM′ + λI)−1R̂
)
+ tr(S)

DK
+ : Set of K ×K nonnegative diagonal matrices

Relation between the optimal solutions: Ŝ = 1√
N
Diag(‖x̂1‖2, . . . , ‖x̂K‖2)

Shift-Invariant SPARROW (SI-SPARROW) for DOA Estimation
• Gridless relaxation of SPARROW =⇒ Shift-Invariant SPARROW (SI-SPARROW)

min
S∈DN

+ ,A∈AK,Q∈SM+ ,τ x
M tr

(
(JT

M′QJM′ + λIM ′)−1R̂
)
+ tr(Q)

subject to Q = Φ(τ̄ x)ASAHΦ(τ̄ x)H

Q ∈ T M

Relaxation

The shfit-invariant subspace T M is the set
of Q ∈ SM that satisfies
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qii = q11, i = 2, . . . ,M

AK = {A(ν) | ν ∈ [−π, π]2K, (νxi , ν
y
i ) 6= (νxj , ν

y
j ) ∀i, j = 1, . . . , K, i 6= j} : Array manifold with

K distinct DOAs

• Precise calibration information not involved in SI-SPARROW
• Implicit sensor completion
• Solution approaches for SI-SPARROW: Semidefinite Programming [SPP18]; ADMM [LDA+24]
• ESPRIT-like methods performed on the solution Q̂ to recover DOAs µ̂

DML for Subarray Timing-Offset Calibration

• Deterministic Maximum Likelihood (DML) estimation using µ̂ and Q̂:

min
τ x

tr
(
Q̂P⊥

Ā(µ̂, τ
x)
)

min
Z∈SPx+

tr
(
Q̂

(
P⊥
A(µ̂)� (TZT T)

))
s.t. zi,i = 1, i = 1, . . . , Px

Semidefinite Relaxation

Projector onto the orthogonal comple-
ment of range space of Ā(µ̂, τ x):
P⊥
Ā(µ̂, τ

x) = Φ(τ̄ x)P⊥
A(µ̂)Φ

H(τ̄ x)

= P⊥
A(µ̂)�

(
ejτ̄ x

(ejτ̄ x

)H
)

= P⊥
A(µ̂)�

(
TZ(τ x)T T)

with Z(τ x) = ejτ x (ejτ x)H
• DML estimation using µ̂ and the sample covariance matrix R̂ with unobservable sensors:

min
Z∈SPx+

tr
(
R̂

(
P⊥
A′(µ̂)� (T ′ZT ′T)

))
s.t. zi,i = 1, i = 1, . . . , Px

A′(µ̂) = JT
M′A(µ̂) and T ′ = JT

M′T

Simulation Results
• PCRA composed of 3× 2 uniform rectangular subarrays of 4× 2 sensors
• 2 correlated sources with correlation coefficient 0.99
• Comparison method: Multi-Invariance Multidimensional ESPRIT (MI-MD-ESPRIT) performed on
the sample covariance matrix

MI-MD-ESPRIT SI-SPARROW + MI-MD-ESPRIT CRB
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Fig. 1: Error performance w.r.t. SNR for N = 100 snapshots.
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